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Abstract This paper continues the analysis on the Lengyel-Epstein reaction-
diffusion system of the chlorite-iodide-malonic acid-starch (CIMA) reaction for the
rich Turing structures. The steady state structures, especially the double bifurcation
one, and their stability and multiplicity are studied by the use of Lyapunov—Schmidt
reduction technique and singularity theory. Numerical simulations are presented to
support our theoretical studies. The results show that the richer stationary Turing pat-
terns heavily rely both on the size of the reactor and on the effective diffusion rate in
the CIMA reaction.

Keywords Lengyel-Epstein system - Turing bifurcation - Stability -
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1 Introduction

Pattern formation is a classical issue of interest in many branches of nonlinear science,
such as physics, chemistry, biology, and social disciplines. One of the most well-known
mechanism for pattern formation is the diffusion-driven or Turing instability suggested
in Turing’s seminal paper “The Chemical Basis of Morphogenesis” [1], which shows
that diffusion can destabilize a homogeneous steady state and result in the formation
of nonhomogeneous stationary structures. After then the mechanism has been utilized
to explain the pattern formation in fields ranging from economics [2], biology and
chemistry [3] to astrophysics [4,5], where the most fruitful area of investigation is
likely to be biology.
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Despite the profound impact of Turing’s idea on theoretical developments in pattern
formation, the Turing’s prediction was not verified experimentally until 1990, nearly
40 years after the original theory, by De Kepper et al. on the chlorite-iodide-malonic
acid-starch (CIMA) reaction in an open unstirred gel reactor [6]. They observed the
formation of spotty structure which represents a significant breakthrough for one
of the most fundamental ideas in morphogenesis and biological pattern formation.
Subsequently, considering that three of the five reactants remain nearly constant in the
CIMA reaction, Lengyel and Epstein [7,8] developed a simple two-variable model,
i.e. so-called Lengyel-Epstein model, which takes the form

[ Ou duv
—=Aut+a—u— ——, xeQ,t>0,
ot 1+ u?
ov uv
EZU cAv+b M—m y )CEQ,t>0, (11)
du/dv =0, dv/dv =0, x€d2, >0,
| u(x,0) =up(x) >0, v(x,0) =vo(x) >0, xe€Q,

where €2 is a bounded domain in R”, with a smooth boundary 0€2; u(x, t) and v(x, )
denote the dimensionless concentrations of iodide (I7) and chlorite (ClO, ), respec-
tively; a and b are the parameters related to the feed concentrations; c is the ratio of the
diffusion coefficients; o > 1 is a rescaling parameter depending on the concentration
of the starch, enlarging the effective diffusion ratio to oc. It is always assumed that
all parameters a, b, ¢ and o are positive constants.

After the successful evidence [6], a number of important experimental and numer-
ical works [9—13] and rigorous mathematical investigations [14—18] focus on the
system (1.1). When the spatial domain is one-dimensional, Yi et al. [14], choosing b
as the bifurcation parameter, performed a detailed Hopf bifurcation analysis for both
the ODE and PDE models, and investigated the direction of the Hopf bifurcation and
the stability of the bifurcating spatially homogeneous periodic solutions. In [15], they
further considered the global asymptotical behavior of constant steady state when
the feeding rate of iodide a is small, and showed that for small spatial domains, all
solutions eventually converge to a spatially homogeneous and time-periodic solution.
In [16], taking the feeding rate a of iodide as the bifurcation parameter, the authors
proved that the PDE system (1.1) undergoes a sequence of bifurcations generating
spatially nonhomogeneous time-periodic solutions and steady state solutions, which
strongly suggested the richness of spatiotemporal dynamics.

Certainly, more original and systematic works on mathematical aspects were pro-
posed by Niand Tang [17,18]. In[17], they studied the non-existence of Turing patterns
and the Turing instability, and showed that Turing structures form only if the parameter
a (related to the feed concentrations), the size of the reactor €2 (reflected by its first
eigenvalue), or the “effective” diffusion rate d = c¢/b are suitable large. Furthermore,
they argued that if the parameter a lies in a suitable range, then the system possesses
non-constant steady states for large d. For the better description of the structures, in
the one-dimensional case, they [18] further considered the global bifurcation of the
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non-constant steady states arising from the simple bifurcation (i.e. the case d; # di
in [18]) by taking the “effective” diffusion rate d as bifurcation parameter.

This paper continues the analytic works of [18] with the goal of revealing a new
or rich solution structure and achieving a deeper understanding of the Turing pat-
terns operating in the system (1.1). We still view the effective diffusion rate d as the
bifurcation parameter, and maintain the basic hypothesis on the system parameters,
i.e. condition (H) below, which results in that no spatiotemporal pattern exists for the
bifurcation parameter d. Thus, our main purpose is only to study Turing structures,
especially bifurcating from the double eigenvalue (i.e. the case d; = di) by using
Lyapunov—Schmidt technique and singularity theory [19], and further determine the
stability and multiplicity of the bifurcating non-constant steady state solutions, in par-
ticular the simple bifurcation solutions obtained in [18]. The results enrich and perfect
the earlier works of [18] in order to seeking a complete mathematical investigations of
the Turing patterns for the Lengyel-Epstein system (1.1), and are of practical signifi-
cance for the researches on pattern formation in complex reaction-diffusion systems.
We believe that our theoretical studies of spatially nonhomogeneous steady states are
new advance, and until now little or no results is known about the effect of diffusion
on such double bifurcation structure.

To complement the previous works, we firstly recall some results of [17,18] in the
next section, and present the basic assumption (H) on the system parameters. Because
no Hopf bifurcation occurs based on such condition (H) for the bifurcation parameter
d, we just go on with the discussion of Turing bifurcation in Sect. 3, whose key point
rests on the double bifurcation. In Sect. 4, we further consider the stability and the
bifurcation direction of the bifurcating non-constant steady states, especially stationary
structures illustrated in [ 18], deriving a more detailed description of the Turing patterns
for the Lengyel-Epstein system. Finally, Sect. 5 is devoted to numerical simulations
for confirming the analytic results of the previous sections.

2 Preliminary

In the present section, we describe the results in [17, 18] for the later discussions. By
introducing the new variable d = ¢/b,§ = ob and @ = a/5, the system (1.1) in the
one-dimensional interval Q = (0, /) can be written as

(du _ 0% duv €(0,0), t>0

_— = — _ — T A k] ’ > ’

ar a2 YT T T *

av 9%v uv

—=sla=— R

a7 (d8x2 +u 1 +u2) ) xe (0,0, t>0, 2.1
ou ov

—:—:O, )C:O,l,t>0,

dx dx

u(x,0) =upgx) >0, v(x,0) =vo(x) >0, xe€(,I).
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Clearly, system (1.1) and (2.1) both has a unique spatially homogeneous steady
state (u*, v*) = (a, 1 + «?). As in [17], we denote

v uv
) :5 - — T 9> ) = — T A
f(u,v) o —u T gu,v) =u T2
302 -5 4,
for= ful* v = T2 <3, fii= fulut ) = ——— <0,
1+ 2 1 +a?
202
g0 = gu(u*, v*) = o2 >0, g1 =g, v)=—- o <0,

and still maintain the basic hypothesis
(H) 0<3a®—5<da

which leads to that

(i) no Hopf bifurcation occurs based on the work [17] for taking d as the bifurcation
parameter,

(i1) the system (1.1) is an activator-inhibitor model where it is commonly assumed
that the inhibitor v inhibits the production of activator u, and u activates itself
and the inhibitor.

(iii) the unique constant solution (u*, v*) of (1.1) is diffusion-free stable.

Let0 = A0 < A1 < X2 < --- be the sequence of eigenvalues for the elliptic
operator —A subject to the Neumann boundary condition on €2, where each A; has
multiplicity m; > 1. If A1 < fp, then we define iy = iy (o, Q) (1 < iy < 00) to be
the largest positive integer such that A; < fo for 1 <i < i,. Thus, we can set

) A +S
d= min d;, d; ¢ i+

= . 2.2
1<i<iy 1+ a2 2i(fo— i) 2

Then the non-existence of nonconstant steady states and Turing instability of (u*, v*)
are demonstrated as follows.

Theorem 2.1 [17] There is a constant dy = do(a, A1) > 0 such that the system (1.1)
does not admit a nonconstant solution for 0 < d < dy.

Lemma 2.2 [17] Assume (H) hold. If .1 > fo, or A1 < foand 0 < d < d, then the
constant steady state (u*, v*) is asymptotically stable. If .1 < fo and d > d, then
(u*, v*) is unstable, and hence Turing unstable.

When the constant solution (#*, v*) becomes unstable, the Turing structures or
the non-constant steady states are naturally concerned for d > d. Hence, in the one-
dimensional interval 2 = (0, ), Jang et al. [18] give a detailed description of the
Turing structures.

For the domain 2 = (0, /), it is well known that the elliptic operator —A sub-
ject to the Neumann boundary condition possesses eigenvalues A; = (7 / ?(j =
0, 1,2, ...) whose corresponding normalized eigenfunctions are given by
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1
\/Z7

2o,
—cos — > 0.
lcos ; X, J

Then the set {¢;}, j =0, 1,2, ... forms a complete orthonormal basis in L%(0,1).

j=0,
;=

Theorem 2.3 [18] Suppose j is a positive integer such that A j < fo and d;j # dy for
any integer k # j. Then (d;j, u*, v*) is a bifurcation point of system (2.1) with respect
to the curve (d, u*™, v*), d > 0.

There is a one-parameter family of non-trivial solutions T'(s) = (d(s), u(s), v(s))
of the system (2.1) for |s| sufficiently small, where d(s), u(s), v(s) are continuous
functions, d(0) = d; and

uj(s) =u*+spj+o(s), vis) =v*+sbjp; + o(s),
bj = ;= fo)/fi >0. (2.3)

The steady state solution set of system (2.1) consists of two curves (d, u*, v*) and
I"(s) in a neighborhood of the bifurcation point (d;, u*, v*).

Let J denote the closure of the non-trivial steady state solution set of system (2.1),
and I'; the connected component of J U {(d;, 0,0)} to which the trivial solution
{(d;, 0, 0)} belongs. In a neighborhood of the bifurcation point the curve I'; is char-
acterized by the eigenfunction ¢ ;. The detailed analysis on the bifurcating curve I';
far from the equilibrium is shown in the following theorem.

Theorem 2.4 [18] Under the same assumption of Theorem 2.3, the projection of the
bifurcation curve I j on the d—axis contains (d;, 00).

Ifd > d and d # dy for any integer k > 0, then the system (2.1) possesses at least
one non-constant positive solution.

We remark that there i~s no contradiction between Theorems 2.1 and 2.4 or 2.3 since
it is easy to check that d > dy. Moreover, Theorem 2.3 shows that all (d;, u*, v*),

j =1,2,...,iy4 are the simple bifurcation points on the basis of assumption every
dj # dy for any integer k # j. However, for some d; = di(j # k) in all
(dj,u*,v*), j =1,2,..., g, litter is known about the bifurcation solution. There-

fore, our main contribution lies in the rigorous discussion for this case described in
the next section.

3 Turing bifurcation when some d; = dj for j # k

In this section, still using the effective diffusion rate d as the bifurcation parameter, we
investigate the case thatd;, j = 1,2, ..., iy satisfy some d; = dj for j # k € [1, iy].
For this case, from (2.2) we can confirm that d; = di for j # k if and only if

542
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0 0.5 1 15 2 fo

Fig. 1 The curve is described by (2.2) with d3 = d5 = 2.3227 for j = 3,k = 5 and / = 13.3, leading
to o = 2.7034 in (3.1), and d| = 14.8809, dy = 4.1980, d3 = 2.3227,d4 = 1.8768,ds = 2.3227,dg =
39.8377

S8
i
verified in Fig. 1. Moreover, we can obtain Ajfk = fo < 3, which means A} =
(/D2 < * <1, 0" =52 +kD2+12,2k2/5 — j2 — k?)/(2j%k?), that is to
say, the size of the reactor / must be greater than 7 for d; = di, j # k. From (3.1),
we also notice thatinalld;, j =1,2,..., i, greater than or equal to three quantities
must be unequal, and there only exists a pair of quantities to be equal such as d; = dj
for some j # k.

For other d; such thatd; # dy (any k # j), the bifurcation solution forms are same
as (2.3) and the solutions can occur global behaviors according to [18] or Sect. 2.
However, for such d; satisfying d; = dj (j # k), it is very necessary to point out
that the classical bifurcation theory (for example [20]) used in [18] can not be applied
because the hypothesis for the Crandall and Rabinowitz theorem is no longer satisfied.
Therefore, the Lyapunov—Schmidt reduction technique and singularity theory [19] are
the powerful tools to analyze how the bifurcation occurs.

Now we turn to discuss the d; satisfying d; = dy for j # k, which is our major
concern. Without loss of generality, we always assume j < k in the situation d; = dj
for j # k.

For analytical convenience, we introduce the new variables

which is the basic assumption for the present section and leads to d; = dy = —

u=u—a, t=v—1—a?

In order to conserve notation, we drop the bars over the quantities and still denote it, v
as u, v. Taking these into consideration, system (2.1) can be written as
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9 (u L")+ Nw, v xe(0,0), t>0
8[ v - U b b 9 9 9
ou v
—:—:0, .X:O,l, [>O,
0x 0x

u(x,0) =ug(x) >0, v(x,0) =vo(x) >0, x e (0,]),

where the linear part

u _(A+ /o A u _3_2
L(v)_( 520 6<dA+g1)) (U) A= (3.2)

and the nonlinear part

2 2
_(u—l—a)(v—i—]—l—oz) l—«a o ](4) (3.3)

N, =[ .
(. v) 1+ (i +a)? L A | B

Let X = {(u,v) : u,v € C}0,1], ' =v =0atx = 0,1}, ¥ = C°0,1] x
CY[0, 1], and define the inner product of Y by

(U1, Uz) = (ur,u2) 200y + (vi, v2) 200y, Ur = (u1,v1), Uz = (uz, v12) €Y,
and the smooth mapping F : X X R — Y by
F(w,A) = Lw+Nw), w=,v)', A=d—dj,

where Lw and N(w) are respectively given by (3.2) and (3.3). It is obvious that
F (0, ») = 0. Therefore, for obtaining the non-constant steady states of (2.1), we only
need to consider the non-zero solutions of the elliptic problem

F(w,2) =0, xe€(0,]) 3.4
with the boundary condition

9
W0, atx=0,1.
0x

Now we take A instead of d as the main bifurcation parameter for the further discus-

sions.
The linearized operator of system (3.4) evaluated at (w, 1) = (0, 0) is

Lo= (2170 fi Al
dgo  ddjA+gn )’ ax2’
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Let (¢, ¥) € N(Lo) and ¢ = > 2 aidi, ¥ = D .2 bi¢i. Then we have

< N AV o fo— A f1
.:OBl(b,-)"’"O’ =" s i) 09

l

On the basis of d; = dj for j # k, we obtain that
N(Lo) = span{®;, d¢}, N(L}) = span{®*, &}, (3.6)

where

1 i — fo
o, = by = 0,
i (bl)d’l i i >

1 1 b _ xi—fo
CD* = — [y b* = —l’ b* = ! O7 | — '7k’
" L+ bibf (b;k)qj’ st g0 R

normalized so that (®;, @) = i, i,m = j, k. Itis easy to verify that 1 + b;b >
0, i = j, k, which will be used in the later discussions.
Similarly, the other two eigenvalues of L corresponding to d, dy, are, respectively,

8g1(5+rp)(1 + bjb}f)
<0
Ak
8g1(5+ A )1 + bibt
215+ ])?( + kk)<0
J

—b* — b
;= ( 1])¢j7 W = ( 1k)¢>k,

mj=fo—Arj+8(g1 —djrj) =

i = fo— A +8(g1 — dihy) =

with eigenfunctions

and co-eigenfunctions

Wt — 1 —b; 6 W= 1 —by é
A AN B ACHR R R W A

normalized so that (\Ill?“, W) = 8im, I, m = j,k.
We set the decompositions ¥ = N(Lg) & R(Lg) and X = N(Lg) & X, where
N (Lg) is given by (3.6) and X; = X N R(Lg). Define the operator P on Y by

PU = (U, GD;‘-)CDj + (U, oF) Dy
Then R(P) = N(Lg), and it is easy to check that P2 = P which implies that P is

the projection onto N(Lg). Thus, Q = I — P is a projection onto R(Lg) in Y. These
result in that the system (3.4) is determined by a pair of equations
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PF(w,A) =0, QOF(w,A)=0. 3.7

According to the decomposition of X, we rewrite w € X as the form w =
s®; + td; + W, where (s,7) € RZand W ¢ X1. By the second equation of
(3.7), it follows from the implicit theorem that there exists a unique smooth function
W(s,t,A) := W(s®; + 7Py, A) such that W(0,0,0) = 0 and QF (s®; + 1Py +
W(s, 7, 1), A) = 0 near the origin. It is easy to see that W (0,0, A) = 0 and then
W,.(0,0,0) = W,,(0,0) = --- = 0. Substituting W (s, 7, 1) into the first equation of
(3.7), we obtain

PF(s®; + 1D + W(s, 1,4),A) =0.

00
Let us write L = Lo+ 6AM, where M = ( 52 ) Then, according to the definition
9x2
of P, the zeros of (3.4) are in one-to-one correspondence with the zeros of the reduced
equation
(g(s, z, x)) _ ((cbjf, H(s® + tdp + W(s, 7, 4), A))) _o. G
9. 0)) T (@ HsD, + 10 + W(s, 1,0, 1)) '

where H (w, 1) := 6AMw+ N (w), and so (3.4) has the solutionas w = s®; + 7Py +
W(s®; + 1Pk, A) when s, T and A are solved by (3.8). Then we only need to consider
the solvability of (3.8). It follows from [21] that the Eq. (3.4) with non-flux boundary
conditions inherits a symmetric structure, and the above reduced form is rewritten as

s=s2, T=1> (3.9

(;(s, T, k)) B (sp(E, 7,0 + s 10 B, 7, x))
DG, t,0))  \tqgG, T, A) +skti-ly G, 7, 0))

Dueto H(0, A) = 0, itis easy to see that oo, = Vo0, = 0,7 = 1,2, .... However,
the key of the further calculations for the Taylor coefficients of ¢ (s, T, A) and 9 (s, T, A)
at the origin lies in the derivatives of W, which are determined by the second equation
of (3.7). Clearly, we have W, (0, 0, 0) = 0 and W, (0, 0, 0) = 0, which lead to ¢190 =
P100 = So10 = Yo10 = 0.

By straightforward calculations, the second derivatives of H at the origin are
given as

o°H = SM®; o°H =d’N(®;, D), i,m=j,k (3.10)
dsi9n L dsids, B Fmdy L= '

fors; = s, sx = T, where

d’N(®;, D) = (@ = 1)(D;1 P2 + Pi2Pu1)

1

(1 + a?)2 [
) 4

+ 2B —a )q>,-1q>m1] 5) 3.11)
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According to (3.8)—(3.11), we omit the details of computations here and obtain

> b

(3.12)

—\ib;b% — b b
— (%, M) = — 1T S g, = (O}, SMPy) = ———£&
poo1 = (P J) T4 byb >0, qoor = (P k) I+ biby;
4+ Dbhes )i
o= (@5, >N (@}, @) = 1 V21 +b;b) .
07 k;ézj’
4+ b))e )
Lox S k=2
v =S (Of d*N(®;, @) = 2V2I(1 + bib})
0, k#2j,
where
2[(@* — Dbj + a3 —a?)] el _ )
= = N =5 ri—( Aj ,
“ (1 +a2)? 200(1 + ?) “l T (A
2[(a? — Db + (3 — )] 2 _ )
_ = , & =5+ — (1 + A,
e 1+ 22 e+ o) 12) + A — (I + 2
a=12___ 8 o Gte
3= 2 - 4a(1+a2)1 3 .= 1 25
_ 20 _ 20
44 b* = 0, 44b; = 0.
M A v e

In order to seek the third order Taylor coefficients of ¢ (s, T, A) and ¥ (s, T, A), the

third derivatives of H at the origin are exhibited below.

1 5 o5 3
Hso0 = 7d"N(®;j. W) + id N (D7),
1 1
Hozo = 5d*N(®k, Weo) + §d3N(<I>2),
[ 2 1 3 2
Hai0 = Ed N(Pg, Wss) +d N(cbj, Wse) + Ed N(®5, Oy),
[ 2 13 2
Hizo = Ed N(®@j, Wer) +d"N(®Py, W) + Ed N(D;, ®p),

1
Haor = SdH;, (Wss) + d*N(®;, W),

L 1 8i+j+k
where Hiji '= i y5cra

(3.11) and the third derivative is shown as

(3.13)

H (0, 0), the second Fréchet derivative of N is given as
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>N (®;, Dy, D)

1
= am 226~ @)@ @+ PuPua®yy + BB Oy)

T 6(a* — 602 + 1)D; Dy D ](4)
i1¥ml1¥nl P .

Moreover, from the second equation of (3.7), the second derivatives of W at the origin
are determined by

Wis = =Ly Qd*N(®;, @up), Wyn = —Ly ' QSM®;, iym = j k (3.14)

fors; =s, 85, = .
From (3.14), we know that

4 4 2w 4 « A
_T[(3)+(cosTx(8),\llk)\IJk], k=2,

LoWys = —Qd’N(®;, @) =
0Wss Q ( J ]) el 27_[]. 4 .
—T(l—i-cosTx) K k #2j.

Let Wys = X072, (Zl) ¢i, then we get

1

o0
”
LoWss = > B (bf)qs,-,
i=0 !

where B; is given by (3.5). Thus we obtain

r _el_l[Bo—l (g’) + /1,]:1 <c0s?x (g) , \I/,f> \I’k:l, k=2j,

—el—l (Bo_l + B;jlcos@x) (g) , k #2j,
O st (e e
_5%[ ((5)) - 3(4A,,-Ak— A0) (51 Tj“):\J/) cos?x]’ r
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8§ —4b it —5
where we use that k_ Cjkg 2 Cik i= (5 + Aj)(1 + bb). As the argument
Mk 81Cjk
above, by the Fourier expansion for W;; and Wy, we have

T =

_e 0 Aj 16d;*k) 2k
sig, [(5)+3(4Ak—xj)(5+4xk T x] (3.16)

k 5k —b* i
A+ ks ) il + ) X+ @ =5 J cosﬂx} k=2j,
51g1 +)\]+ Gkj(1+bjb7) l

st (3.17)
Adh g n(] +k) A4djhy— wk —j) .
SZgl }\,+ I }“]-H() + A (§ I )»k—l) cosil x], k#2j,

- 1 - 1 -
where A= S A= JAp = Aydj
(Aj = Xji) e — Aji) (Aj = A=) Mg — Aj—j)

- 8 —4b; Ckj — 5
Moy b = Ao jhg, ==
M 818kj

Combining (3.13) and (3.15)-(3. 17) straightforward calculations yield the Taylor
coefficients of ¢ (s, t, A) and 9 (s, T, 1) as follows. It is obvious that

N N T 3
qo10 = (®y, Hozo) = { Df, Ed N (O, Wep) ) +( Dy, ;d N(®y)),

where the first and second term of gg1¢ are respectively given by

| 4+ b} Ay 4+ b)) A
1010 = 40102(1 + «2)2(1 + bb?)’ 4ir0 = 40002(1 + a2)2(1 + beb})’
Ry = 54 a — (1 + A 160a%(3 — 052):| ’
34k — Aj) 1+ a2
Ay = 150%[(* = 3)hp + a — 11].

[(a2 — 1)(120A,—54j+8A jAp)+

Therefore, we obtain

4+ b})goro
40002(1 + o2)2(1 + beby)’

010 = 4410 + 9o10 = Goo = Axj + Ag. (3.18)

In the same way, we have

q100 = (D}, Ha10) = qioo + (hzoo + 41300’ (3.19)
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where
qloo = — e1(4+l;,’<‘)A A=a’—1
1007 T 20 (1+ a)2(1 + bib))” ’
2
49100
63(4+b2 )quO . . '
T 10le1 (1 22] ’qIOO Aj+ Ajkjs k=2j,
_ 811+ a*)*(1 +by;b3 )
e3(d+b))g} )
s CGfo0 = A jGrok +A-Aja— .k # 2,

1001 (1 4 @)2(1 + byb})
__
Rj=3 [(@ = 1)@5 +92) + 3603 — aP)d;h; |

I 5(§mi_5) 2 % N
= ——om — D1 = bpb¥) — 2 (3 — P} |,
S [(oz )( nb?) —20(3 — a”) z]
_ 40023 — a?)
Ripn i= (@ = DIk + S+ 20)dnln + =7
4+ b)G3 - -

3 k71100

, = 2A; + Ay,
1100 = 60162 (1 + a2)2(1 + bib]) Gioo it A

poto = (®F, Hi20) = piio + Péio + Piros (3.20)
where
| e2(4+b5) A
PO = g (142 (14, b%)
e3(4+b%) pg i i
- = Aj—FA+Aju. k=2j,
5 - 100g; (14+a2)2(14b; b5’
Poio =
e3(4+b )p010 o o .
Ay Ak(jrhyjtA—Drg—jyj>  k #2J,

100 (a2 (14, b’ Phro =

3 @ +59) P
PO10 = 60102 (1 + a?)2(1 + b;b%)

) 13(3)10 =2Ax +1_\j,

and

pioo = (7, Hzo0) =

4 +I5j)ﬁ100 N A
, Proo = e1(10A + Agjj) + Aj, k = 2],
40[6{2(1 + a2)2(1 + b]bj) P100 el( k]]) J J (3 21)
4+ b*) proo - < I ' |
! L D100 = Ajk +Aj, k#2).

4012 (1 + o?)2(1 + b;b¥)
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Table 1 (j, k) = (1,2): normal forms (Z, &)

Case p q

(1) —s(t + 8512) ‘[(83‘[2 + eqr) + £2s2

2) —s(t +e10) T(e372 + kA2) + £952

3) 7s(65t2 + o)) ‘[(83‘[2 + e4A) + 8232

“4) —s(t +&1A) ‘[(83‘[2 + e4A) + £5s4 + gszk
5) —s(t +&1A) ‘[(85‘[4 + e4A) + £2s2

According to [21], there are two different cases such as (j, k) = (1,2) and j >
1, k > j for the solvability of (3.8). Here we only deal with the former case below to
present a complete analysis based on (3.18)—(3.21).
5+ 5h + 223
3—5h — 2A2
the fact A7, < 3implies A < ¢*, with the value .* determined numerically to be about
1* = 0.5514. Therefore, the further discussions are based on A = (7T/l)2 € (0,).

From [21], if poo1g001BoYogoio # O, then the reduced Eq. (3.9) is equivalent to the
normal form

For the case (j, k) = (1, 2), we have a2 = from (3.1). Noting that

( —s(t +¢&11) ) (3.22)

(372 + £4)) + £252

where

e1 = —sgnpoot, €2 = —sgn(Boyo), €3 = SgNGo10, €4 = SENGQO1-

For poot1, qoo1, Po, Y0, qo10 = 0, five different normal forms summarized in Table 1
are possible, and the conditions for the normal forms are shown in Tables 2 and 3.

Inview of (3.22), Tables 1 and 2, we further give the detailed discussions. Obviously,
for our model, it is always valid that pgo; > 0 and ggo; > 0, which lead to &1 =
—1 and &4 = 1. According to (3.12) and (3.18), we find that Bo, 10, go10 have the
same sign with e3, e1, go10, respectively, which are not equal to zero simultaneously.
Moreover, e3 = 0, e; = 0, and goj0 = 0 are all )‘,15 equations, and then by a simple
monotonicity analysis, it is readily found that 0 < (9 < ¢ < 12 < 13 < (*, shown
in Fig. 2, where (1, 17 is the corresponding root of e3 = 0,e; = 0, and (g, t3 are
the roots of ggio = 0. The value of ¢, ¢1, t2, t3 can be determined numerically to be
0.0355, 0.2366, 0.2762, 0.3908, respectively. Thus combining Fig. 2 with (3.22), we
have the following result.

Theorem 3.1 If A1 # 1;,i =0, 1,2, 3, then the reduced problem (3.8) is equivalent
to the normal form

—s(t —A) =0,
7(8372 + 1) + 252 = 0,
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Table 2 (j, k) = (1, 2): conditions for the normal forms of Table 1

Case Zero Non-zero e5 = sgn(.)
(1) Poo1 P002 —P002
(2) 4001 4002+ qompém +£1002/33 -
3) Bo P010> 0109001 — P0019010 =P010
(€] 70 Dy, D5 —Dy
(©) 4010 4020 4020
6 —
s —=&]| 1000 [ @}
I o
ot 800
31 600
2t 400
I 200
0 S P
0 ““““““““““““
1t
-200
2t
3 ‘ ‘ ‘ ‘ ‘ -400 ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 L1 £20.3 04 0.5 0t 01 0.2 03 304 05
AL = (m/1)? A= (n/1)?

Fig. 2 The zeros of e, e3 and gg10

+. 21 € (0, t0) U (13, 1),
—, A1 € (10, t3)

R )"1 € (09 Ll) ) (LZ, L*)’

where g3 = [ +, A1 € (11, 12).

and & = [
Casel A =1t1ie.fo=0

It is clear that Yy > O from Fig. 2 and e3 = 0 from (3.12), leading to W, = 0 and
P(2)10 = 0. Thus, by (3.20) and (3.18), we obtain

4+ b)) poro -
412 (1 + a2)2(1 + b1 b*)
Poro = (5a* — 19a% — )iy +2a* — 270> —5 <0,
4+ b)Go1o
<0,
241a2(1 + a2)2(1 + bab3)
Goio = 4(4a* — 17 — 5)A1 + da* — 692> — 25 < 0.

’

Po1o =

qoio =

Then p &~ —0.5662 determined by numerical computation, and

B _ —40{13(5 + 42 1) poto — 2(5 + A1)Goro] ~ o
POIOG001 = POOIGOI0 = T3 o AT T brbT) (1 + babd)

@ Springer



J Math Chem (2012) 50:2374-2396 2389

Table 3 The parameters

2
appearing in Tables 1 and 2 K= 3002'3 0
Pooy 19010l
_ Boor 4010‘
[potol ' qoo1 1
c=-D 4001 ‘2
Poo1 D4

Dy = Boy100 — P1009100

Ds = Boyo01 — P1004001 — P0014100

Therefore, according to Tables 1 and 2, we have the following result for A1 = ¢;.

Theorem 3.2 If A1 = 1, then the reduced problem (3.8) is equivalent to the normal
form

—s(z? + pA) =0,
(=12 + 1) + 52 =0.

Case2 A =1ie. =0

For this case, it is readily apparent that e; = 0, which results in e3 = e; =
3x1(1 —a?) < 0, Wys = 0 and g/, = 0. Thus, from (3.21) and (3.19), we have

3(4 +b%) 5 5
- — 3 — 11y,
P00 = G T T a2 (1 4 ppy @ P e = H
B 34+ b%)
700 = Ria2 (1 + a2)2(1 + b2b3)
5 1 2 2 2 2 2
22} @@= 1) 420 [Z(a “ D ta —11] .
{1 S

In view of Tables 1 and 2, it is very natural to further estimate D4 and Ds. By the
Fourier expansion as above, from (3.14) we have

—)»jbz. —b*
Wy = — = J AV
" go<1+bjb;f>2( 1 )¢’
Then we have

—Mbi(@® — )4 +b3)
V2Ugo(1 + a2)2(1 + bib?) (1 + babh)

Yoo1 = (@5, d*N(®y, Wyy)) =
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Due to Wi = 0, from the second equation of (3.7) we find that W, satisfies

LoWys5(0,0,0) = —Qd>N(®;, &, ;)

6eq 3nj (4 wj (4
= _l@ [COSTX(S) + <360s7x(6), \IJ;’-‘>\IJ]~] ,

(@ =3 +a* —11].

e4 = —4(1 + a2)2[

Thus, for (j, k) = (1, 2) we get

WSSS(O’ Ov O)
6ey [ 1 (36d1/\1) 3n N 15(%21 —5) (—b]“) T ]
= - CcoS—X — 0 .. COoS—X .
Sl@gl 10\5 + 97 l {21(1+b1bT) 1 [
(3.23)
It is straightforward to calculate that
d*N(®;, Dy, By, P)
= e L@ 60 D@1y @1 @1+ i1y @2
+ i1 P2 Pn1 P11 + Pi2 @1 Pr1 Pr1)
4
—da(at — 100? + 5)D;1 Dy Dy @,1] (5) (3.24)

Then combining (3.23) and (3.24), we obtain

1 1
Y100 = <<1>§, §d2N<<I>1, Wiss) + Ed4N(<I>‘1‘>>
B 4+ b3
C4(W2D3a(l + a?)3(1 + byb3)
— 4[(a* — 602 + Dy + ot — 1802 + 5]}.

{[(a2 a4 — 1@ - 1) (E - E)
5 <t

Therefore, we have

Dy — 6(4+ b})(4 + b3) Dy 0
YT 5@l + o)A+ bbb (L +bab})
613D

175 > 0,

D5 = slfrg0e® (1 1+ a®)2(1 + bib)(1 1 bab})
Dy = 1041 (e® — D[(@* — 60> + DA; +o* — 18 + 5]

— [(@® = 3y +a? — 11][B4a* — 9822 + DAy + 15¢%(@*—11)] < 0,
Ds = 5a%(45 + 124 )[(@*=3)1 + o®—11] + 421 (5 + A1) (9a* —28a2—1) < 0.
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54 4x
30(5 4 A1) Dy

_ 6(5+40)A3Ds
- 25 figoa (1 + bab3)

Theorem 3.3 If Ay = (o, then the reduced problem (3.8) is equivalent to the normal
form

—s(t — 1) =0,
(=12 +A) + st + cs?A = 0.

Remark 3.4 For the case A1 = (g or 3, i.e. goj0 = 0, we further need to consider
the term gqpo, but the calculation of which is more tedious and omitted here. The
preliminary analysis shows that ggy9 # 0 for A; = (¢ or t3, and so the reduced
problem (3.8) is equivalent to the normal form

—s(t — 1) =0,
(£t + 1) + 52 =0.

Therefore, we have a complete analysis for the case (j, k) = (1, 2), which means
that no further equivalence can exist, that is to say, (3.8) is solvable in this case. But
for the case j > 1,k > j, one can obtain a detailed result for the specific j and k
from [21] and (3.18)—(3.21), which is omitted here.

In a word, the discussions above illustrate that the reduced problem (3.8) can be
solved by equivalence. Thus, for some d; = dy (j # k), the original system (2.1) has
the solution as the following form

w\ _ (u* A ! W(s 1. A 3.25
(=)o (w0

when (s, 7), close to (0, 0), is the local zero of (3.8), and here W (s, 7, ) satis-
fies W(0,0,1) = 0, W, (0,0,0) = W,,(0,0) = --- = 0, W(0,0,0) = 0 and
W2 (0,0, 0) = 0. The solution form is characterized by two distinct modes such as ¢
and ¢y, and what we discuss here is suitable for any double bifurcation problem, not
just the first one. In particular, if for some integer j, we have

*
2 St A

¢ T3
JG+D

in (3.1), then the double bifurcation is the first bifurcation achieved atd; = d 1.

4 Stability of bifurcation solutions
In this section, we focus on the stability of the simple and double bifurcation solutions

given by (2.3) and (3.25). For convenience of the following discussion, we denote
dm =d = minlsisia d,' in (2.2).
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Theorem 4.1 Assume that j # m. Then Lo has a positive eigenvalue, and both simple
and double bifurcation solutions are unstable.

Proof Recall that the linearized operator of the steady state system of (2.1) evaluated
at (d;, u*, v*) is given by

Lo (A A2
sgo dWdjA+g1))’ ax2’

In the following, we begin to discuss the eigenvalue of Lo. Suppose that w is an
eigenvalue of L with a corresponding eigenfunction (¢ (x), ¥ (x)). Then we have

2 2

R) "y
m+(fo—u)¢+fu/f =0, (deW'FBgOd""(Sgl -y =0.

By the Fourier expansion ¢ = > ;o aipi, ¥ = > oo bi¢i, we obtain
i(fo—)»i—li A )(ai)dh‘:()-
prs 8o 8(g1 —djxi) — ) \p;
It follows that the eigenvalues of L are given by
p? = Pidju+ Qid)=0, i=0,1,2,...,

where

Pidj) = fo— X +8(g1 —djr) = fo+dg1 — (1 +38dj)r; <O 4.1)
by the condition (H), and

Qi(dj) = 8[(fo — ri)(g1 —djri) — figol = 8ldjri(Ai — fo)

o
i+ 9l 4.2)

When j # m, we find Q,,(d;) < 0 from (4.2), and then L has a positive eigenvalue.
Thus, according to the perturbation theory of linearized operator, the bifurcation solu-
tions described by (2.3) and (3.25) for j # m are unstable. The proof is completed.

O

Lemma 4.2 Suppose that j = m and dj # dy for any integer k # j. Then 0 is a
simple eigenvalue of Ly with the largest real part, and all the other eigenvalues of L
lie in the left half complex plane.

Proof For j = m, it follows from [18] that

N(Lo) = span{®,,} and N(L{) = span{P}}.
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where ®,,, ®* are shown in (3.6) and

*
m
(@, @) = 1 >0,

which implies ®,, ¢ R(L¢) by the Fredholm alternative, and so 0 is a simple eigen-
value of Lg. From (4.1) and (4.2), we have that for all i, P;(d,;,) < 0 and

Om(dn) =0, Qi(dy) >0, i=0,1,2,....m—1,m+1,....

Hence, 0 is a simple eigenvalue of Ly with the largest real part, and all the other
eigenvalues of Lg lie in the left half complex plane. Thus we complete the proof. O

For the case d; such that d; # di (any k # j), in the same way as Sect. 3,
we take the decompositions ¥ = N(Lg) & R(Lg) and X = N(Lg) & X1, where
N(Lo) = span{®;} and X| = X N R(Lo). We define the projection P on Y by

PU = (U, ®%)®;.

and set w € X in the form w = s®; + W, where s € R and W € X;. Following
from the implicit theorem, W (s, 1) := W(s®;, 1) defined near the origin is uniquely
solvable from the second equation of (3.7). It is obvious that Ws(0,0) = 0 and
W (0, 1) = 0, leading to W, (0, 0) = W,,(0,0) = --- = 0. Substituting W (s, 1) into
the first equation of (3.7), we obtain

PF(s®; 4+ W(s, 1), ) = 0. 4.3)

Asin Sect. 3, owing to the projection P, (4.3) can be rewritten in the following reduced
equation

h(s, 1) = (®%, H(s®j + W(s. 1), 1)) = 0. 4.4)

Thus the zeros of (4.4) are corresponding to the simple bifurcation solutions of (2.1)
shown in (2.3).

Obviously, 4(0, 0) = 0 from W (0, 0) = 0 and %,(0,0) = £h,(0,0) =--- =0
from H (0, A) = 0. Here, we notice that

e 0 5(fo—Aj) (16d-/\-) 2mj
Ws(0,0) = ——— + 17 =7
(0.0 Slg [(5) 3(4x§+25xj_5f0) 544 cosT
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Fig. 3 The constant solution is asymptotically stable for § = 9.7607, « = 2.7034,] = 13.3 andd =
1.75 < d with the initial values ug(x) = u™* 4+ 0.2cos (57 x), vg(x) = v* + 0.6cos (57 x)

according to (3.14). Furthermore, we can get

—jb,b’

h3s(0,0) = (@7, M) = Txbb"
ibj

> 0, hys(0,0) = 2P0, 0) =0,

hsss (0, 0) = (D ld?N(op- |14 )+ld3N(q>3)>
sss\Ys - J’ ) Jo» Wss 3 Jj

B 4+ b e
 8la?(1 +a?)2(1 +b;bY) 3(4A§ +25%; — 5£0)

[(a2 — 1)(1633 + 1251

32023 — a?)

8rjfo—35
+ jfo f0)+ 1+(¥2

s +/\,~)} +3?[(@® = 3, +? — 11]] .
(4.5)

Therefore, combining Lemma4.2 with page 320 of [ 19], we have the following stability
result for the simple bifurcation solution (u;(s), v;(s)), j = m in (2.3), where the
stability theorem in [23] is not valid.

Theorem 4.3 Suppose that j = m and d; # dy for any integer k # j. If hys5(0,0) <
0 (> 0), then the bifurcation solution (u j (s), v;(s)) is stable (unstable) for both s < 0
ands > 0.

Remark 4.4 The above discussion yields no information about the direction and num-
ber of simple bifurcation solutions. By [22], we know that A, (0) = 0 for /4 (0, 0) = 0,
and then no transcritical bifurcation occurs. When /4(0,0) # 0 in (4.5), (4.4) is
equivalent to sgn (/s (0, 0))s3+ s from [19], and then a pitchfork bifurcation occurs
for every simple bifurcation point in our system (2.1), specifically speaking, subcriti-
cal bifurcation for A (0, 0) > 0 and supercritical bifurcation for Z,(0,0) < 0. In
particular, for the subcritical case in the work [18], the bifurcation curve finally turn
back based on Theorems 2.1 and 2.4.

Remark 4.5 1f hge(0,0) < 0 (> 0), then (2.1) has two non-constant steady state
solutions when A > 0 (< 0) and no solutions when A < 0 (> 0). For A (0,0) =
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Fig. 4 The spatially nonhomogeneous steady states for § = 9.7607, « = 2.7034,/ = 13.3 andd = 2.0 >
dy. Top the initial values ug(x) = u™ +0.2cos (4 x), vy (x) = v* +0.6cos (47 x); bottom the initial values
ug(x) = u* — 0.2cos (4 x), vo(x) = v* — 0.6cos (4 x)

0, when h§5) (0,0) # 0 of which the tedious calculation is omitted here, there are
same results as fg5(0, 0) 7# 0. Thus, the system (2.1) has at least two non-constant
steady state solutions in a neighborhood of the simple bifurcation point d;, which
complements Theorem 2.4.

5 Numerical simulations

This section aims to illustrate the analytic results of the previous sections. The initial-
boundary-value problem (2.1) is performed numerically by use of a standard implicit
method, based on the Crank-Nicholson scheme. Here, we transform the spatial domain
from0 < x <lto0 < X < 1 by putting ¥ = x//, and still denote X by x in the
numerical simulations.

We choose the same parameter values as for Fig. 1, namely « = 2.7034 and
| = 13.3, leading to that all the bifurcation points are dy = 1.8768 < d3 = d5 =
23227 < dy = 4.1980 < d; = 14.8809 < dg = 39.8377. This shows that d = dy4
(i.e.m = 41in Sect. 4) and the first bifurcation pointis d4 = 1.8768. For these parameter
values, the constant solution (u*, v*) is equal to (2.7034, 8.3084). Taking § = 9.7607,
Fig. 3 is devoted to demonstrate the constant solution is stable for d = 1.75 < d
which justifies the Lemma 2.2. In Fig. 4, for d = 2.0 > d4, the stable spatially
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nonhomogeneous steady states with mode 4 form, as predicted in Theorem 4.3, here
hsss(0,0) <O for j =m =41in (4.5).
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